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Interpolating sequences and Carleson measures in the 
Hardy-Sobolev spaces of the ball in C^. 

E. Amar 

September 8, 2015 


Abstract 

In this work we study Hardy Sobolev spaces in the ball of C”' with respect to interpolating 
sequences and Carleson measures. 

We compare them with the classical Hardy spaces of the ball and we stress analogies and 
differences. 
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1 Introduction. 


We shall work with the Hardy-Sobolev spaces H^. For 1 < p < oo and s G M, is the space of 
holomorphic functions in the unit ball B in C” such that the following expression is hnite 

ll/lllp:=suP f \{I + Ryf{rz)rda{z), 

r<l JdE 

where I is the identity, da is the Lebesgue measure on dM and R is the radial derivative 

j=i j 

For s G N, this norm is equivalent to 

ll/llH^=max f \R^f{z)\^ da{z). 

0<J<s Jq^ 

This means that W f G i?^(B), j = 0, s. 

We shall prove estimates only in the case s G M but the spaces iff form an interpolating scale 
with respect to the parameter s, see in section [2l hence, in some cases, this allows to extend the 
results to the case s G M+. 

If sp > n the functions in iff are continuous up to the boundary dM hence the results we are 
interested in are essentially trivial, so we shall restrict ourselves to the case s < n/p. 

For s = 0 the Hardy Sobolev spaces iff are the classical Hardy spaces ii^(B) of the unit ball B 
and a natural question is to study what remains true from classical Hardy spaces H^{M) to Hardy 
Sobolev iif. 

An important notion is that of Carleson measure. 

Definition 1.1 The measure p in M is Carleson for iif, p G Cs,p, if we have the embedding 

f \ffdp<c\\fr^.. 

Jm 

Carleson measures where introduced by Carleson [T2] in his work on interpolating sequences. 

We have the following table concerning the known results about Carleson measures : 


HP(D) 

HP{M) = iif (B) 

iif(B) 

Characterized 
geometrically 
by L. Carleson [12] 

Characterized 
geometrically 
by L. Hormander [1^ 

Studied by C. Cascante & 

J. Ortega [13] ; characterized 
for n — 1 < ps < n. 

For p = 2, any s 
characterized by 

A. Volberg & B. Wick [25] 

Same for all p 

Same for all p 

Depending on p 


Definition 1.2 The multipliers algebra Alf of Hf is the algebra of functions m on M such that 
Vh G iif, mh G iif. 

The norm of a multiplier is its norm as an operator from iif into iif. 
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We have the following table of already known resnlts, where C.C. means a certain Carleson 
condition; 



HP{M) 

Hf{M) 

vp 

M(;(B) = W°°(B), Vp 

Ail = hr°°(B) naa 

characterized for 
n — 1 < ps < n 

and for p = 2 by Volberg & Wick |2^ 
Depending on p 


Now we shall deal with sequences of points in the ball B and to state results we shall need several 
definitions, most of them being well known. 

Let p' be the conjugate exponent for p, —I— = 1 ; the Hilbert space is equipped with the 

p p' 

reproducing kernels : 


Va e B, ka{z) 


(1 — a • ’ 






( 1 . 1 ) 


i.e. Va G B, V/ G H^, f{a) = (/, ka), where (•, •) is the scalar product of the Hilbert space In 
the case s = n/2 there is a log in ka- 


Definition 1.3 The sequence S is Carleson in if the associated measure 

■= \\Ka\\~l'Sa 

a£S 


is Carleson for 


Definition 1.4 Let p > I, the sequence S of points in B is interpolating in if there is 

a C = Cp > 0 such that 

VA e 3/ e fff(B) :: Vo £ S, f{a) = XAK\\„,' = A„(l - lop)-"''-. |l/||„j < C||A|p, 

where p' is the conjugate exponent for p, —|-= 1. 

p p' 

If p = 1, we take the limiting case in the above definition : S is IS for Hi, if there is a C > 0 
such thatWX G i\S), 3f G Hl{M) :: Va G S, /(a) = Aa(l - \a\y-", ||/||^i < C-IIAH^i. 


Definition 1.5 The sequence S of points in B is interpolating in the multipliers algebra Mf. of 
Hf(E) if there is a C > 0 such that 

VA G 3m G :: Va G S, m{a) = Xa and ||m||_^p < C||A||j^. 

Definition 1.6 Let S be an interpolating sequence in ; we say that S has a bounded linear 
extension operator, BLEO, if there is a a bounded linear operator E : —)■ and a 

C > t) such that 

VAg£°°(5), E{X)eAil ||E(A)||^.< C||A|L : Va G 5, E(A)(a) = A,. 
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We have the table of results on interpolating sequences, where A.R.S. means Arcozzi, Rochberg 
and Sawyer [9]. 



W°°(B) 

M?(B) 

IS characterized 
by L. Carleson 

No characterisation 

Characterized for p = 2 
and n — 1 <2s <n 
by A.R.S. and the 

Pick property 

ISM ^ BLEO 
by P. Beurling [IT] 

ISM ^ BLEO 
by A. Bernard [10] 

ISM ^ BLEO 
by E. A. here 


In the case of the classical Hardy spaces , whose multiplier algebra is we know( |1] the¬ 
orem 5, p. 712 and the lines following it) that if S is interpolating for then S is interpolating 

for i7^(B) ; this is still true in the case of Hardy Sobolev spaces. 

Theorem 1.7 Let S he an interpolating sequence for the multipliers algebra of Hf{M) then S 
is also an interpolating sequence for Hf, with a bounded linear extension operator. 

In the classical case s = 0 i.e. A4q = Hq = i7^(B), N. Varopoulos proved that S 

interpolating in implies that S is Carleson in B and P. Thomas j22] (see also 0) proved 

that S interpolating in H^{M) implies that S is Carleson in B. The next results generalise this fact 
to for p < 2 and any real values of s G [0, n/p]. 

Theorem 1.8 Let S be an interpolating sequence for Ai^ with p < 2, then S is Carleson iff (B). 
And 

Corollary 1.9 Let S be an interpolating sequence for with n — 2s < 1, i.e. Ail is a Pick 
algebra, then S is Carleson for Hf, Mr < s. 


Because AAl is an operators algebra in a Hilbert space, then we know [3] that the union S of 
two interpolating sequences in Ail is still interpolating in Ail if S is separated. This generalises a 
theorem of Varopoulos |23] done for uniform algebras. 

We prove the analogous result but we shall have to use a more precise notion of separation, see 
section [71 

Theorem 1.10 Let s G N fl [0,n/p] and Si and S 2 be two completely separated interpolating se¬ 
quences in Ai^ then S := Si U S 2 is still an interpolating sequence in Ai^. 

In C"", n > 2 we know [2] that the union S of two interpolating sequences in i7^(B) is not in 
general an interpolating sequence even if S is separated, so the next result is in complete opposition 
to this fact. 

■^2 _ X 

Corollary 1.11 If Ail is a Pick algebra, i.e. if s > —-—, and S, S' are two interpolating 
sequences for such that S U S' is separated then S C S' is still interpolating for H^. 
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We shall need the following notion. 

Definition 1.12 The sequence S of points in B is dual bounded (or minimal, or weakly inter¬ 
polating) in Hf{M) if there is a bounded sequence {pa}aes C Hf such that 
Wa,b ^ S, Pa(b) 11 11 • 

Clearly if S is interpolating for Hf then it is dual bounded in Hf. 

This notion characterizes interpolating sequences for the classical Hardy spaces in the unit disc 
D ; the question is open for the Hardy spaces H^{M) in the ball in C” > 2. Nevertheless we know |6] 
that if S' C B is dual bounded for H^{M) then it is interpolating for Vg < p. 

The next results generalise only partially this result and we get an analogous result to theorem 

6.1 in |5]. 

Definition 1.13 We shall say that S is a iff weighted interpolating sequence for the weight w = 
{w^a}ae5 if 

VA e iP{S), 3f e iff :: Va e S, /(a) = 

Theorem 1.14 Let S be a sequence of points in B such that, with - = — I —, and p <2, 

r p q 

• S is dual bounded in iff. 

• S is Carleson in iif(B). 

Then S is a H( weighted interpolating sequence for the weight {(1 — |a|^)®}ags' with the bounded 
linear extension property. 

This work was exposed in Oberwolfach workshop "Hilbert Modules and Complex Geometry " in 
April 2014, and also in the conference in honor of A. Bonami in June 2014 in Orleans, France. This 
is an improved version of these talks. 

This work is presented the following way. 

In the next section we study the basics of Hardy Sobolev spaces iff : they make an interpolating 
scale with respect to s,p ; they have the same type and cotype than spaces. 

In section E] we start the study of the multipliers algebra JW) of iff. We prove that Alf is invariant 
by the automorphisms of the ball. 

In the following section we study Carleson measures and Carleson sequences. 

In the following section we study links between p interpolating sequences of vectors in a general 
Banach space B and Carleson measures and basic sequence in We study also algebras of operators 
on B which diagonalize along a sequence of vectors in B. Application to iff are done. 

Then, in the next harmonic analysis section, we develop a very useful method due to S. Drury |15| . 
for the union of two Sidon sets, to fit Hardy Sobolev spaces. 

The following section contains the results on interpolating sequences of points for the multipliers 
algebra AJf. 
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In section |8] we study the notion of dual boundedness in the framework of Hardy Sobolev spaces. 

Finally in the appendix we put technical lemmas to ease the reading of section [7l 

In the sequel we shall deal only with hnite sequences of points S' C B but with estimates not 
depending of the number of points in S. The results for inhnite sequences is then got by a normal 
family argument. 

2 Hardy Sobolev spaces. 

By a result of J. Ortega and J. Fabrega [19], corollary 3.4, (see also E. Ligocka jlH]), we have 
that the Hardy Sobolev spaces Hf form a interpolating scale with respect to s and p. This means 

Q _ Q\ Q 

that for 1 < < oo, 0 < sq, si, 0 < 6 < 1 and - =- - H-, s = (1 — 6)so + 6si, we have 

P Po Pi 

= (2.2) 

We shall use this result in relation with the Banach spaces interpolation method. In particular 
we shall prove results essentially when s is an integer and, by use of it, we shall get the same results 
for s real. 

2.1 Similarity between and . 

Definition 2.1 Let S be a sequence, we sete := {ca, a G S'} G TZ{S), a Rademacher sequence,where 
the random variables Ca are Bernouilli independent and such that P{ea = 1) = P{ea = —1) = 1/2. 

Let /(e, z) G ilf for any value of the random variable e G 7^(S), then : 

Lemma 2.2 IFe have 

iiE(/)r^.<E(ii/r^.). 

Proof. 

We can take as an equivalent norm in the sum of the norms of the derivatives, i.e. with 
p < 00 , 

k=0 

Hence, because E is linear, we have 
i?^E(/) = E{R^f). 

On the other hand 

iE(^7)r<(E(i^?i)y<E(i^?n 

hence 

||E(^?)||^, = / \E{g)fda< [ E{\gnda = E{[ \gf da) = EiWgf^,). 

JdM JdK JdM 

So applying this with g = R^f we get 

||fl‘(E(/))|r„ = ||E(fl‘(/))f„ < E(||fl'=(/)f„). 
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and 


iiE(/)r„,<E(ii/r^,). 


Proposition 2.3 The spaces have, for any s G N, the same type as H^. 


Proof. 

We can prove it by nse of the fact that the Sobolev spaces Wf have this property by [Il|, bnt becanse 
the problem is on the bonndary of the ball which is not isotropic with respect to the derivatives, 
we shall prove it directly. 

So let p < 2 we want to prove that Hf is of type p, which means, with e G TZ{1, N) a 
Rademacher seqnence and E the expectation. 


(E( 


N 


N 


i=i Hi t=i 

We can take as a norm in Hf the snm of the norms of the derivatives, hence, becanse E is 
linear, it snffices to have 


(E( 


N 




N 


HP 


j=i 


Bnt being a snbspace of L^{dM), it is already of type p hence 


(E( 


N 


i=i 

So, becanse / G imp 


N 


p/2 




HP 

ies 


i=i 


yk<s, R^if) 


we get 


HP — 




(E( 


N 




i=i 


N 




HP 


i=i 


and, adding a hnite nnmber of terms, we get 
2 


(E( 


N 


N 


i=l Hi 

If p > 2, then the dnal space of Hf is Hf with p' <2 hence Hf is of type p' ; this implies that the 
dnal of Hf , namely is of cotype p. ■ 

Using it we get the following theorem. 


Theorem 2.4 The spaces Hf have, for any s G M+, the same type as H^. 


Proof. 


Fix G M and consider the space (H^)^ with the following 


norm ; 


N 


V/ = (/„..../») 6 ll/ll,:= (5^ wfAisy'"- 

i=i 

Consider the linear operator T ; 7^(1,..., N) x (Hf)^ —)■ dehned by 
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N 

V/ = (/i,.... fN) e (ff.")", T^i^, S) ■= Y. e HI 

i=i 

To say that is of type p means that, for any iV > 1, 

(E(||r„(€,/)||ij))‘/"< Gil/11,, 

i.e. the linear operator Tn is bounded from Fs := (H^)^ equipped with the norm 11-11^ to hff), 

the space L‘^{Q, A, P) with value in H^. Because the form an interpolating scale with respect 
to the parameter s E M+, we have the same for the spaces Fg and H^). 

Fix p <2 and s G N ; by the proposition 12.31 we have that Tn is bounded from Fg to H^), 

and from Fq to Hq), the constant being independent of iV G N, hence by interpolation Tn is 

bounded from Fr to H^), for any 0 < r < s, with a constant independent of G N. This 

proves that is of type p for any real r G [0, s]. By duality as in proposition 12.31 we have that for 
p > 2, is of cotype p. ■ 

Up to a constant, we have the Young inequalities. 

Proposition 2.5 fFe have, with - = - + 

V/ G HP, Vg G HI, fg G and \\/g\\^. < Cg\\f\\^.\\g\\^.. 

Proof. 

We have to compute the norm, for j = 0,..., s, of, by Leibnitz formula, 

RHJg) = Y ( 2 . 3 ) 

k=0 

By Minkowski inequality it is enough to control the norm of 
R\f)Ri^-^)^g). 

But by Young inequality 
Now / G HP implies 

Vk<s, «'=(/) eff'. ||fl‘(/)l|„<||/||„.,. 

The same g E H^ implies 

Vk<s, ||fl‘(g)||„<||9ll«.. 

So 

V 9 = o,...,i,, \/k<j, ||fl‘(/)fi'^-‘'(g)||„. < ll/ll«..|lg|lH... 

Because we have a hnite number of terms in (12.31) we get the existence of a constant Us > 0 such 
that 

\\f9\\H,<Cs\\f\\HMHR 

which proves the proposition. ■ 

3 The multipliers algebra of 

Recall that the multipliers algebra JAp of iff is the algebra of functions m on B such that 
Vf G HP, mh G HP, and its norm is its norm as an operator from iff into iff. 

8 








As an easy corollary of the interpolating resnlt fl2.2D . we get the following theorem. 

Theorem 3.1 We have the embedding : 

Alf C for 1 < p < oo and 0 < r < s, with Vm G 

Proof. 

Let m G Al^ then m is also in Alg = which means that m is a bonnded operator on and 

on Hq. Hence m is bonnded on Hf for any r G [0,s], by Banach spaces interpolation (12.2p . which 
means that m G Al^. Moreover we have 00 (B) — II^IIai? hence ||m||_yy^p < ||m||_y^^p. ■ 


3.1 Invariance by automorphisms. 


Let ea(z) := 


(1 - \a\y/^ 

(1 — a • z)p 


, p := n — 2s, the normalized reprodncing kernel for the point a G 


in Ht 


We shall show the following theorem which is trne for any s G M+. 

Theorem 3.2 Let ip be an automorphism of the ball B ; for any a G B, there is a number ri{ip, a) 
of modulus one such that, setting U{(p)ea '■= p{(p,a)e^(^a), U{(p) extends as an unitary representation 
o/Ant(B) in 

Proof. 

We shall adapt the proof of theorem 2 p. 35 in |3]. We know that Ant(B) is isomorphic to U{n, 1) 
the gronp of isometries for the sesqnilinear form of : 

n 

{z, w) := ^ ZjWj - ZoWo- 
i=i 

Let T G 17(n, 1) ; in the canonical basis of its matrix [T] can be written by blocs : 

'A Bl 
C d\ ’ 

where A is a rixn matrix, B isnxl, C is Ixn and D is 1x1. The antomorphism associated to T 
is then 

AZ + B 

\/z G B, ip{z) := where Z = {zi, ..., Zn). 

If a, (3 are two vectors in C"', we denote hj a ■ ^ their scalar prodnct ; the scalar prodnct in is 
still denoted by (•, •). 

We have 

, , (1 - |p(a)fto/^(l - Mb)\y/^ 

{er(a), = — 


[r] = 


Bnt 


(1 - (p{a) ■ (p{b))p 


1 - (p{a) ■ pip) = 1 - 


Aa + B f Ab + B 


Ca + D \Cb + D' 
1 


[{Ca + D){Cb + D)- {Aa + B){Ab + B)]. 


{Ca + D){Cb + D) 

Let {X,t) and {Y,v) two elements in and set a = T{X,t), jd = T{Y,v) we get 
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{a, 13) = {AX + Bt){AY + Bv) - {CX + Dt){CY + Dv) = X -Y -tv, 
because T let (•, •) invariant. 

Back to the inhomogeneous coordinates a = X/t, b = Y/v we get 
{Ca + D){Cb + D) - {Aa + B){Ab + B) = l-a-b, 
hence, putting it in e^{b)) we get 

- ic'a + J3|P |C6 + D|P ">'■ 

The linear combinations of {cc, c G B} being dense in H^, we define on them the operator U{ip) by 
U{ip)e a := r]{ip ,a)e^(^a), 

where ufw, a) := t—— is of modulus 1. 

^ ' |Ca + T>|^ 

The previous computation gives 

{U{ip)ea,U{ip)eb) = {ea,eb) 

hence U{(p) is unitary. Moreover U{(p) is a representation of Aut(B). To see this we have to show 
that : 

9 ? G Aut(B), Va G B, r]{'tpoip, a) = 7j{'tp,(p{a))x'rj{ip,a). 

Setting 

, . Aa-\-B , . Ab-\-B 

the computation is easy. ■ 


Remark 3.3 VTe can use equivalently the following identities (Theorem 2.2.2 p. 26 in 


1 - if {a) ■ f{b) = 


l-\f{a)f = 


2 (1 


_') - & • g) 

{1 — Jl- a) (1 — /i ■ 6) ’ 


1(1 — a • z) 


where f{z) = f^{z) is the automorphism exchanging p and 0. In any case we get 

{l-Ii-a)P 

^ = M-=- w- 

\1 — pL ■ a\ 


Corollary 3.4 The space of multipliers Ail of is invariant by Aut(B). 

Proof. 

Let m G Ail then we have 

Va G B, m*ka = m{a)ka 
because 

Vh G Hi, {h, m*ka) = {mh, ka) = m{a)h{a) = m{a){h, ka). 

Hence 

m*U{f)ea = m*{r]{f,a)e^^a)) = ri{f,a)m*e^i^a) = r]{f,a)m{f{a))e^{^a)- 
So 

U~^{f)m*U{f)ea = U~^{f){ri{f,a)m{f{a))e^[^a)) = ri{f,a)m{f{a))U~^{f)e^(a)- (3.4) 
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But from U{<p)ea := T](^p, a)e^(a), we get 

Ca = U~^Uea = r]U~^e^(^a) ^ U~^e^i^a) = V~^ea 
and putting this in (13.4^ we get 

U~^{Lp)m*U{Lp)ea = r]m{‘^{a))r]~^ea = m{Lp{a))ea = (m o Lp)*ea. 
So by the density of the linear combinations of the {ca, a G B} we get 
(m o (f)* = U~^{ip)m*U{if). 

Now because U{‘^) is unitary on we have 


4 Carleson measures and Carleson sequences. 


Let Q{C,h) := {z G B, |l — (lz\ < h] be the "pseudo ball" centered at C £ ^B and of radius 

h > 0. 

We shall use the following well known lemma. 


Lemma 4.1 If jj, is a Carleson measure for H^, then p(Q(C, h)) < h"' = |Q(C, h) fl 


i-p- 

^ T), 


Proof. 

Because /i is a Carleson measure for iff, we have / \ka{z)f ’< ll^allsp j 


recall that ka{z) = 


(1 — az)p 


with p = n — 2s, then we get, with 


Qa ■= Qin^ 1 “ l®l) 
a 


{z G B :: |1 — a • z| < h}, h := {1 — |a|), 


that 


hence 


' Qa 


dp< \ka{z)f dp < \\ka\\lp ; 


(1 — az)p 

(1 - |ar) 

Let us recall the dehnitions of Carleson sequences. 






Definition 4.2 The sequence S is Carleson in Hf{E), if the associated measure 


aes 

is Carleson for 

At this point we notice that the coefficients of the measure us depend on the parameter s. 

Lemma 4.3 Let S be sequence inM which is Carleson for and for Hi = then S is Carleson 
for Hf, 0 < r < s. 


Proof. 

Consider the linear operator 

T : Tf:={f{a)}aes 
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with the weight Wr{a) := (1 — \af)"' . Because S is Carleson iff we have that T is bounded from 

iff to F{ws), i.e. 

aeS 

The same for s = 0, i.e. 

^(l-|aft”|/(a)|'’<||/||„. 

a£S 

hence, because tc<^(a) = (1 — is holomorphic in the strip 0 < < s and the scale of 

{Hns>o forms an interpolating scale by the interpolating result (I2.2jl . we have that T is bounded 
from iff to i^{wr) which means exactly that S is Carleson for iff, 0 < r < s. ■ 

If /i is a Carleson measure for iff, then it is a Carleson measure for iff, Vr > s, simply because 
||/||//|> < ll/ll_H-p- For fhe Carleson sequences, this goes the opposite way. 

Theorem 4.4 If the sequence S is Carleson in iif(B), then S is Carleson in Hf for all r, 0 < 
r < s. 

Proof. 

We first show that the measure fi := (1 — \af)'^6a is Carleson i.e. that 

a£S 

(1 - l«t)” ;£ A” 

aeSnQ{C,h) 

For this we have that us Carleson in iif(IB) implies that z /5 is finite, just using lemma ITT] with 
Qa 3 B. So we have (1 — < C. Now still with lemma ITT] we get 

a£S 

Y, (1 - lot)"-"’= A«(C. A)) 

aeSnQ(c,/i) 

But a G Q(C, h) ^ {1 — |a|^) < h hence, with 

(1 - \af)^ = (1 - |a|^)"^’(l - < h^P{l - 

we get 

(1 - \a\^r < h)) < h\ 

aeSr\Q{C,h) aeSr\Q{C,h) 

This is valid for all Q{C,h) so we get that the measure /r := E (1 — \af)"'Sa is Carleson V^, or, 

aes 

equivalently Carleson := Hq. 

Now we apply lemma 14.31 to end the proof of the theorem. ■ 


5 General results 

We shall establish a link between Carleson sequences and sequences like canonical basis of C’. 
Let B be a Banach space, B' its dual. 


Definition 5.1 We say that the sequence of hounded vectors {ea}aes W B is equivalent to a canon¬ 
ical basis of P if 
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> 0, VA e F{S), ^11 All,, < 5^A,e, < BpC\\Xl,. 

^ a£S 

Definition 5.2 We say that the sequence of hounded vectors {ea}a£S in B is p interpolating if 
3/p > 0, 3heB', ||/i||,j, </p||/i||„/ :: Va e S', {h,ea) = Pa- 

Definition 5.3 We say that the sequence of bounded vectors {ea}a£S in B is dual bounded if 
3C > 0, 3{pa}a£S C B' :: Va G S', \\ falls' < C, (paWb) = dab- 

Clearly if {ea}a£S is P interpolating then it is dual bounded ; just interpolate the basic sequence 
of F(^). 

Definition 5.4 We say that the sequence of bounded vectors {ea}a£S in B is p Carleson if 

3C,>0, VfceB', ^KA,e.)r'<Cq|fc||j;,. 

a£S 

We have : 

Lemma 5.5 Let {ea}a£S be a sequence in B of bounded vectors, then the following assertions are 
equivalent : 

(i) {^a}a£S is P Carleson in B. 

(ii) {ea}a£S verifies 3C >0, VA G ^ AaCa < CH A||„(,j). 

a£S s 

Proof. 

Suppose that {cafa^s verifies the (i) of the lemma, then using the duality B — B' we have 

VA G F(^), Vh G/?', Y.^a{ea.h) <C'||A||„||h||,j,. 

a£S 

By the duality — C we get then 

<c’'mi., 

a£S 

which is the definition of {ea}a£S P Carleson in B. 

Suppose now that {ea}a£S verifies the (ii) of the lemma, this means 

aes 

which leads by the duality to 

VAeP(S), 5]A.(e.,;i) <C||A||„||fc||„, 

a£S 

and with the duality B — B' to the (i) of the lemma. ■ 

Theorem 5.6 Let {ea}a£S be a p interpolating sequence for B and suppose moreover that {ea}aes 
is p Carleson for B then {ea}a£S makes a system equivalent to a canonical basis in C. 


13 



Proof. 

We have to show that 


VA e F, 


We have 


aes 


IP- 


^ ^ AaCa 

— sup heB', ||/i||<i 


aes 

B 

aGS 

older 



< |K'||£p 


but by 

y^^\a{ea,h) 
aes 

and because S' is p Carleson we have 

<CM\b; 




aes 


{^\{ea, h)^ <C, 


hence 


a€S 


aes 


< Cp||/V||^p. 


B 


For the other direction we still have 


aes 


— sup heB', ||fe||<i 


^ ^ ^a{(^ai h) 


neS 


but, because {ea}aes is P interpolating, we can hnd 
Vfl G S', (/i, Cq,) Pai 
So we get 


a h E B' such that 


B' — ^pWPWip'- 


^ ^ AflCa 

1 

> — 
“ L 


1 

~ Tr, 

^ ^ ^af^a 

aes 

■‘■p 

B 

a^S 

J-P 

aGS 


and we choose p such that 
So we get 


tp 


1 and ^ \aPa = 

aeS 


£p- 


aes 


> 


B 


Theorem 5.7 Let {ea}aes rnakes a system equivalent to the canonical basis in F and suppose 
moreover that : 

Ps : ip E B -)■ Psif := ^ {if, pa)ea 

aeS 

is bounded, then {ea}aes is p Carleson and p interpolating with a bounded linear extension operator. 
Proof. 

Because {ea}aes makes a system equivalent to a canonical basis in F means 


VA e F, 


aeS 


(5.5) 


B 


we have in particular that 
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< C,||A||„ 


(5.6) 


^ ^ -^aCa 
aes 


B 


which, by lemma 157^ gives that {ea}aes is p Carleson in B. 

Suppose first that S is hnite, then there is a dual system {pa}aes in B'. Set 

WpeF'iS), h-.= J2f^aPa ; 

a£S 

we have {h, Cb) = ^ Pa{Pa, et) = Pb 
aes 

hence h interpolates p. It remains to control its norm. We have 

PS^ = '^{^,Pa)ea, IIPsV^IIb < <^11(^11^, 

aeS 

and by use of (15.5j) we get 

^ aes 

hence 


aes 


which means that {pa}a&s is p' Carleson. 
Now let us estimate the norm of h 


but 


Mb' = 

^ ^ PaPa 

— sup ^^B, ||(p||<l 

^ ^ Pa{Pai T) 


a£S 

B' 

aes 


'^Pa{Pa,(p) 


and by 


aes 


< \\P\\£P' 




a£S 


15.7p we get 

^ ^ Pa{Pai 'p) 


aeS 

SO we have 


< \\p\\^^,BpC\\p\\ 


B 


ll^ll B' — • 

The bounded linear extension operator is then 

p E P’ ^ E{p) := ^2PaPa, \\E{-)\\£p'^b' — BpC. 

a£S 

Hence we prove the theorem. 


(5.7) 


Remark 5.8 The fact that Ps is hounded implies that Eg '■= Span(ea, a E S) is complemented in 
B. Just set : 

V(p e B, Pi := Psp E Eg, p2-.= p- Pi- 

Lemma 5.9 Let {ea}aes be dual bounded and such that {pajaes is p' Carleson, then {ea}aes is p 
interpolating with a bounded linear extension operator. 
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Proof. 

Because {pajaes is Carleson we have 


e B c B", (5^ \(p.,<p)\yi’‘ < 

a£S 


Now take p G and set h := E ^apa we have 


aes 


but 


and by 


\\h\\s> = 

^ ^ paPa 

sup ||(/j||<l 

^ ^ pa{Pai P) 


aGS 

B' 

aGS 


5 ^Pa(Pa,P) 

a€S 

15. 8p we get 

^ ^ pa{Pai P) 


< llPIbp' 




aGS 


aeS 

SO we have 


< \\p\\ep'BpCy\\ 


B 


Hulls' < -SpC'llpll^p'• 

The bounded linear extension operator is then 

P e —)■ E{fl) := ^2PaPa, < BpC. 

a£S 

Hence we prove the lemma. 


(5.8) 


5.1 Diagonalizing operators algebras. 

Let H be a Banach space and be a sequence of bounded vectors in i? ; we shall work 

with operators M such that M : B ^ B is bounded and 
Va e S, Mca = maCa. 

Let ^ be a commutative algebra of operators on B diagonalizing on E := Span{ea, a G S}, with 
the norm inherited from C{B) ; we shall extend our definition of interpolation to this context. 

Definition 5.10 ITe say that the sequence of bounded vectors {ea}aes B is interpolating for A 

> 0, VA G 3M G A \\M\\c^e) < Al||A||^^ :: Va G S, Mca = A^e^. 

The first general result is in the special case of Hilbert spaces. 

Theorem 5.11 Let H be a Hilbert space, {ea}aes be a sequence of normalized vectors in H. 

If {ea}aes is interpolating for A then {ea}aes is equivalent to a basic sequence ini‘^{S). 

If{ea} a^s is equivalent to a basic sequence in set E := Spanjea, aGS'} and V the algebra 

of operators in C{E) diagonalizing in {ea}aes, then {ea}aes is interpolating for V. 

This theorem was proved in [2|, (Proposition 3, p. 17) en route to a characterisation of interpo¬ 
lating sequences in the spectrum of a commutative algebra of operators in C{H). 1 shall reprove it 
here for the reader’s convenience. 
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Proof. 

Suppose that {ea}a£S is interpolating for A, and take e G 71(3) a Rademacher sequence. Then 
e G hence there is an operator G A such that 

M^Ca = eaCa, < A. 

Now consider h := haCa E E C H we have 

a£S 

MA = '^eahaea, and \\MA\\h < A\\h\\jj 

aes 

so 

a£S 

because the are independent and of mean 0. So we get, the being normalized, 

E I'"*!' £ ■ 

a£S 

Because = 1, we get = Id on E, hence by the boundedness of M^, 

VheE, h = M,{MA) ||h||^ < A\\MA\\h 

hence taking again expectation 

aes 

So we proved 

d^S d^S 

which means that {cajaes is equivalent to a basic sequence in 

Now suppose that {ea}aes is equivalent to a basic sequence in f'^(S'). This means (see for in¬ 
stance |3!) that there is a bounded operator Q in C{E), with Q ^ also bounded, and an orthonormal 
system {ria}aes in E such that 
Va G S, Qr]a = Ca- 

Let A G then the diagonal operator Txrja := XaTja is bounded on E with \\Tx\\ < ||A||^. Now 

set 

Rx := QTxQ-\ 
then we get 

Vo G S', RxGa QT\^a QXa^a XaGa 
hence R eT> and 

||-Ra||£(£;) < IIQIIn(E)IIQ ^II£(E)II^a||£(e) ^ i^ll'^lloo 

hence {ea}a<£S is interpolating for V. ■ 

Now we shall need a dehnition. 

Definition 5.12 ITe shall say that the algebra A separates the points {ea}a&s If 

3C > 0, ya,b^ S', 3Mab E A:: MabGa = Ca, MabGb = 0 and < C. 

Then we have the following remark. 

Remark 5.13 Suppose that A separates {ea}aeSj this implies easily that, for any finite set S and 
any A G i°°{S) there is a M E A such that\/a E S', M{a)ea = XaGa- Hence if there is C > 0 such that 
there is a M' E A with = M^e eind ||M'||_^ < C'||M||^^^^ then, as a corollary of theorem \5.11[ 
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we get that if {ea}a£S is equivalent to a basic sequence in ^^(5'), then {ea}aes is interpolating for A. 
We say that A is a Pick algebra if this property is true for A. This is very well studied in the nice 
book by Agler and McCarthy m- 


We shall generalise this result to p interpolating sequences. 

Let i? be a Banach space and {cajags be a sequence of normalized vectors in B. 
Recall that the Banach B is of type p if 


3Tp > 0 :: ViV e N, 6 e iV}), V/i, f^ G 5, E( Ef=i ^jfj Y'" 




]\\B 


P)l/P. 


Theorem 5.14 //{ea}aG 5 is interpolating for A : 
if B is of type p > 1 then {ea}aG5 is P Carleson. 

if B' is of type p' > 1, then there is a dual sequence {pa}a&s C B' to {ea}aes 0 ,'iT'd {pa}a£S is p' 
Carleson, hence {ea}aes is p interpolating for B with a bounded linear extension operator ; 

Proof. 

Because {ea}a£S is interpolating for A we have 

Va e S, 3Ma e Aw MaCb = SabCb, < A. 

Now fix a E S and take h E B' such that (h, e^) = 1. This h exists by Hahn Banach with norm 1 
and 

{Mfh, Cb) = {h, MaCb) = Sab{h,eb) = dab- 

So, setting pa := M*h, we get pa E B', {pa,eb) = dab and WpaWs' < ^II^IIb' ^ Doing the same 

for any a E S we get that {pa}aGS B' exists hence {ea}aes is dual bounded. 


Now as above, take e G TZ{S). Then e G hence there is an operator G A such that 

M^Ca = CaCa, < A. 

By duality, Mf : B' ^ B' is such that Mfpa = Capa, and H ; so let 

V/i G F'’ h := y^ papg. 

a£S 

We have 

^ ^ ^aPaPa 


aeS 


WMfhW^, = 

Using Mg Me = Id, we get 

||h||^, <H||M;h||^,=H 
hence, taking expectation. 


B' 


^ ^ ^aPaPa 


aeS 


B' 


B‘ 


, < ea/iaPa||^,) 


SO B' of type p' means E( 
E( 


^ ^ ^aPa 


pa 




aeS 

S' 

^ ^ ^af^apa 

> 

VI 

^ ^ ^apapa 

a£S 

S' 


aeS 


< Tp,(^ \paf WpYYb'Y^^' 1 hence 

a£S 

<tay.\W wpaWp 


so 


B' 


aeS 
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I|A|Ib. < at^C£ \^,x' WPatB,)''”' = atApW,^, 

a£S 

which prove that {pa}a&s is p' Carleson hence applying lemmawe get that {ea}a£S is p interpo¬ 
lating for B with a bounded linear extension operator. 

To get the second part, set p := XaCa and use again 


ip = M^{M^ip) 


hence, taking expectation. 


B 


a£S 

< A\\MM\b = -4 




aeS 


B' 


B 




SO if B is of type p then again 

||v>|Ib < lA^I" WbXbY'’’ = at, 

aes 

which prove that {ea}aes is p Carleson. 


5.2 Application to Hardy Sobolev spaces. 


Let iLf be the Hardy Sobolev space and its multipliers algebra ; let also S' C B be a finite 
sequence of points in B. 

k 

Set, for a G B, := ——— the normalized reproducing kernel in iff for functions in iff . 


11 ^. 




Then we have that 

Vm G Atf, Va G B, m*ka = m{a)ka m*ea = m{a)ea, 
because 


Vh G iff, {h, m*ka) = (mh, ka) = m{a)h{a) = m{a){h, ka). 

So we have that the adjoint of elements in Atf make an algebra diagonalizing in {ea}a£S so we 
can apply the previous results with the diagonalizing algebra A := {m*, m G Atf} operating on 
RP'. 

The first thing to know is that iff has the same type and cotype than L^. We prove it directly 
in theorem 12.41 

So we have iff. Vs G M+, is of type min (2,p) and of cotype max (2,p), hence we can apply 
theorem 15.141 to get directly, for all real values of s G [0,n/p], 


Theorem 5.15 If {ea}aes is interpolating for then {ea}aes is dual bounded and 
because iff is of type min (2,p) then {ea}a£S is niin (2,p) Carleson ; 

because iff of type min {2,p') then {pa}aes is niin (2,p') Carleson, hence {ea}a£S is p interpo¬ 
lating for iff with a bounded linear extension operator provided that p >2. 


In fact we shall prove later on a better result by use of harmonic analysis for the last case : we 
shall get rid of the condition p>2. Nevertheless we have, in the special case p = 2, as an application 
of theorem 15.111 for all real values of s G [0,n/p], : 

Theorem 5.16 Let {ea}aes o, seguence of normalized vectors in iff ; if {ea}a£S is interpolating 
for A4l then {ea}a€S is eguivalent to a basic seguence in If Ail is a Pick algebra, i.e. if 
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s > —-—, then {ea}aes equivalent to a basic sequence in implies that {ea}aes is interpolating 
for Ml- 


6 Harmonic analysis. 

Let S be an interpolating sequence for the multipliers algebra of Hf{M) and recall that the 
interpolating constant for S is the smallest number C = C{S) such that 

VA G 1°°{S), 3m G Aig :: Va G S, m{a) = Xa and ||nr||_y^p < C'||A||;oo. 

We have easily Ai^ C with Vm G Ai^, II’tiH< ll^llxf- 

We shall develop here a very useful feature introduced by S. Drury [15]. Consider a finite sequence 
in B with interpolating constant C{S). 

Set N = ffS G N, S := {oi, oat} C B and 6 := exp S interpolating in Ai^ implies that 
Vj = 1, N, 3(3{j, z) G W^^: Vfc = 1, N, /3(j, a,) = 9^’^ 
andVj = l,...,iV, mj,-)\U<C{S). 

Let 

e x;. lh('.')IU. < C'(S), 

this is the Fourier transform, on the group of roots of unity, of the function f3{-, z), i.e. 

7 (/,^) = /3(/,2), 

the parameter z G B being fixed. 

We have 


7(^, ^ ^ ^ flfc) = Sik. (6.9) 

i=i 

Hence the 7 (Z, •) make a dual bounded sequence for S, with a norm in Ai^ bounded by C{S). 

We have by Plancherel on this group 

N ^ N 

( 6 . 10 ) 

1=1 ^ j=i 

Multiplying on both side by \h'f with h G iLf(B), we get 

N ^ N 

|7(/, z)h{z)\^ = iv 
1=1 ^ j=i 

and applying Ri on both sides, recalling operates only on the holomorphic part, 

N N 

IhWi'AU Ih) = ^ IhR’m, Ih) 

_l=l ' 1=1 

and again Ri on both sides 


N 


N 


^.>7 •)A)r ■ 


1=1 


1=1 


( 6 . 11 ) 
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Lemma 6.1 Let Qi{k, z) := (3 * ■ ■ ■ * I3{k, z) then \\Qi{k, ■)\\jf^p < C{Sy and hence ||Qz(fc, •)llHoo(]g) < 

'■-^' 

/ times 

\mk,-)\u<c{sy. 

Proof. 

Let Q 2 {k, z) := /3 * f3{k, z) = ^ '^f=i ^0’ z)f3{k — j, z') then, because Al^ is an Banach algebra, we 
have 

ypu - K oiu? < \m. < c{sr- 

Hence by induction we get the lemma. ■ 


Lemma 6.2 IPe have 

N ^ N 


k=l 


k=l 


{(3 * (3 * ■ ■ ■ * /3{k, •) h) 


I times 


Proof. 
We have 


7 (fc, -y = j3 * (3 * ■ ■ ■ * /3{k, •) 


^ V 

I times 

hence by Plancherel 

N N 

l2 i 




N 

k=l k=l 

and by lemma lOl because the norm is bigger than the one. 


N 

\/z G B, E \',{k,z)f <C{Sf. (6.12) 

k=l 

Multiplying by |h|^ on both sides, we get 

N ^ N 

\-f{k, ■yh\‘^ = '* 

k=l ' k=l 

and taking derivatives, which operate only on the holomorphic part 

N ^ N 

•)'h)7(fc, •)^h = * ■ ■ • */^(^>')^)/^ * • • ■*P{k,-)h ; 

k=l k=l 

Now we take R^ derivatives on both sides to get the lemma. ■ 

Let S := {oi,..., Otv} C B be ahnite sequence in B then we have built the functions { 7 (/, 2 :)}z=i,..,,Ar C 
Ai^ such that 

Vfc,/= 1, ...,iV, 7 (/, Ofc) = 5/fc and ||7(^ OIItm? < ^'(>5') 
where C{S) is the interpolating constant of the sequence S. Now on we shall also use the notation 
Va G S, jaiz) ■= li}) z) ii a = ai and we call {7a}aes fhe canonical dual sequence for S in Ai^. 

The following proposition will be very useful for the sequel. 
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Proposition 6.3 Let {7a}aes be the canonical dual sequence for S in then we have 
V/>1, V^eB, Y^\ia{z)f <C{Sf\ 

aes 

where C{S) is the interpolating constant for S. 

Proof. 

This is just inequality fl6.12p with the new notations ■ 


7 Interpolating sequences in the multipliers algebra. 

We shall generalise theorem 15.151 valid for p > 2 to all values of p > 1, but here s must be an 
integer. 

Theorem 7.1 Let S be an interpolating sequence for Ai^ and'^a its canonical dual sequence, then, 
with Ca the normalised reproducing kernel for the point a G B m Hf, 

VA e P(S), f := 5;A.7ie. e |l/||.„ < ||A||^, 

aes 

This means that S is interpolating for Hf with the bounded extension property. 


Proof. 

As usual S is finite hence the series is well defined and we have 
V6 G S', f{b) = XbCbib) = Xb\\kb\\^p' 
because by lemma 18.31 : 

r A _ h{z) _ _ kb{b) _ II 

\\h\\„s (1 - ‘ 

This means that / interpolates the right values. So it remains to show that / G 

c\\x\\^. 

So we have to show that 

yj<s, \\R^f\\Hp<c\\x\\,p. 

Fix j < s then 

a£S 

By the exclusion proposition 19.31 with I > s, hence m := min (j, 1) = j, we get 

q=0 

because we have at most s terms, it is enough to control sums like ; 

ri:=5jA.7i-W(72eJ. 

a£S 

By Holder we get 

inr < (Y. ivi" |fi^(7y«)r)(5Z 

aes a&S 

Now we have by proposition 16.31 provided that [I — q)p' > 2, 

Vz G B, ^ 

a&S 

hence 
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e B, \T^f < 

aes 

So integrating 

Vr<l, [ |Ti(rC)r<;<r(C) < C(S)<‘-''>»' / V lAJ" (72e.)(rC)r<;ff(0. 

JdM JdM 

hence 

Vr<l, [ \Ti(rOrda(0<CXSf-»’’'T\\X [ \K{HeMOf MO- (7-13) 

J SB J SB 

But we have 

Millie Ml with || 7 ^||^. < 
because Ml is a Banach algebra, so 

Vj < s, \\R^{nlea)\\^^ < halUgllealli^P < haVj^P, 

because Ca is normalised in iff. 

So replacing in (I7.13j) we get 

Vr < 1, [ |T,(rC)r<;ff(C) < C(S)<‘-»>»' |A„n| 7 „||^,. 

.es 

But S being interpolating we get 

hali;,. < c{sy 

so hnally 

Vr < 1, [ |T,(rC)r<;ff(C) < C(S)»C(S)<‘-»>»'||A||7s,. 

fSB 

Adding these s set of sums we get, because p' > 1, 

[|ff/|i„. < ii(max Al,)C(S)'>’'''>’||A||„,s, 

and we are done. ■ 


Now we shall improve theorem 15.151 for all real values of s G [0,n/p], 

Theorem 7.2 Let S be interpolating for Ml and suppose that p < 2, then S is Carleson in 
iff, Vr < s. 

Proof. 

We know, by theorem 15.151 that if S is interpolating for Ml and if p < 2, then S is Carleson Hf. 
hence we apply theorem 14.41 to get the result. ■ 

Arcozzi, Rochberg and Sawyer in |8] proved, in particular, that if S is interpolating in = B^, 
where Rf is a Besov space of the ball B, then we have that S is Carleson for B^. In the case 
p = 2, B^ = ii ^/25 have a better result. 

Corollary 7.3 Let S be an interpolating seguence for iff with n — 2s < 1, then S is Carleson for 
iff, Vr < s. 

Proof. 

We know that iff = Rf where Rf is the Besov space of the ball B and where a = — — s. We 

know by [1] that for cr < 1/2, Rf has Pick kernels hence S interpolating for Rf = Rf implies S 
interpolating for M^ so we can apply theorem 17.21 to get the result. ■ 
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7.1 Union of separated interpolating sequences. 

In the case s = 0, Atg = the union S of two interpolating sequences in H^(M) is still 

interpolating in if S is separated by a theorem of Varopoulos |23]- We shall generalise this 

fact in the next results. 

Definition 7.4 A sequence S is separated in if there is a cs > ^ such that 
\fa,b ^ a e S, 3ma,b e At^ :: ma,b{a) = 1, < cs- 

Definition 7.5 A sequence S is strongly separated in Mf. if there is a Cs > ^ such that 
ya,b ^ a e S, 3ma,b e Af^ :: ma,b{a) = 1, ma,b{b) = 0, 

and 

Vh e HI, Va e 5, 3H e Hf, \\H\\^p < Cs\\h\\j^, -.-.WbeS, b^ a, Vj < s, \H{ma,bh)\ < 
Clearly the strong separation in Af^ implies the separation in Af^. 

Definition 7.6 The sequences Si, S 2 are completely separated in Af^ if there is a ca > 0 such that 
Va e Si, V6 e S 2 , Auma^b e Af^ :: ma,b{o) = 1, ma,b{b) = 0 

and 

Vh e Hf, 3H e Hf, \\H\\^, < caIM^p :: Va e Si,b e S 2 , Vj < s, \R\ma,bh)\ < \R\H)\. 

This time the vector H does not depend on a nor on b. 

Theorem 7.7 Let Si and S 2 be two interpolating sequences in Alf, s G M fi [0,n/p], then S : = 
Si U S 2 is an interpolating sequence in Adf, if and only if Si and S 2 are completely separated. 

Proof. 

Suppose first that S' := S'! U S '2 is an interpolating sequence in Af^ and take Va G S'!, Aq = 1, V6 G 
S' 2 , Aft = 0. Then A G £°°(S') hence there is function m G Af^ such that 
Va G S, m{a) = Xa, i.e. Va G Si, m{a) = 1, V6 G S' 2 , m{b) = 0. 

Now we choose Va G S'!, V6 G S' 2 , roa^b '■= which works and if we set V/i G H^, H := mh then we 
are done with ca '■= proving that the complete separation is necessary to have S := S'! US '2 

interpolating. 

Now we suppose we have the complete separation. As usual we suppose Si, S 2 hnite and we set 
{VajaGSi the canonical dual sequence for S'! in Af^ and {rft}fte 52 the canonical dual sequence for S 2 
in Al^ and we want estimates not depending on the number of points in Si and in S 2 . 

Take 6 G S' 2 , then by hypothesis we have 

Va G S'!, 3m„,ft(z) G Alf :: ma,b{,a) = 1, ma,b{b) = 0. 

We set, ruft := 'y^a^a,b- Then we have Va G S'!, mb{a) = 1 and mft(6) = 0. 

aGSi 

Because Si and S '2 are hnite, the functions mb are in Al^ and they verify 

VoeSi, VieSj, m,(2) = P fflZl- 

Now we shall glue them by setting 
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m := ^r^(l - mb). 

feeSa 

We have 

m(a) = 0 if a G S'! and m{h) = 1 if 6 G S' 2 , 

hence if m G with a norm depending only on the constants of interpolation of Si and S 2 and 
of the complete separation, then we shall be done because then : 

VA^ G r{Si), VA^ G G Vc G S',-, m,-(c) = A^„ j = 1,2 ; 

now we set, with m,-, j = 1 , 2 as above, 

M := (1 — m)mi + mm 2 £ 
because JW’g is an algebra, and we get 

Va G Si, M{a) = (1 — m(a))mi(a) + m(a)m 2 (a) = mi (a) = A^ 

and 

V 6 G 5 * 2 , M{b) = (1 — m( 6 ))mi( 6 ) + m{b)m 2 {b) = m 2 {b) = A^, 
hence M interpolates the sequence (A\ A^) on Si U S' 2 . 

In order to have m G we have to show that 

Vh G iff, Vj < s, R^{mh) G with control of the norms. 

We start the same way we did with the linear extension : 

R^mh) = rl(l - m,)h) = R’{J2 ri,(l - E 

beS2 beS2 aeSi 

so we have two terms 

n = E 

beS2 

and 

beS2 aeSi 

For Ti we are exactly in the situation of the linear extension with A;, = 1, V 6 G S '2 so we get 

j 

n e M”., IITill^; < C(S 2 )‘max ..El-^®!- 

5=0 

Now for T this is more delicate. First we set hab ■= ruabh G FTf so we have 

r=E«'(r!,(E^«'‘.<.))= E 

6 GS 2 a&Si aeSi, 6 GS 2 

We have to exit the converging factors ( 7 aFb)*“'^ by the exclusion proposition 19.31 : 

5=0 

Because s is hxed and j < s, we have only less than s terms in the sum and the constants Aq are 
bounded, hence, up to a hnite sum, it is enough to control terms of the forms 
T 2 := 5^ \lat^ iFbl'-'' \R^{{laTbyKb)\. 

a^S\ ,^>E5'2 

By the Leibnitz formula we get 

j 

R^iilaTbyhab) = J2C;R\{larby)R^-\h,b). 

k=0 

But the complete separation assumption gives the domination ; 
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\R^~^{hab)\ < \R^~^{H)\ with H G iff, ||if||j:^|> < Csi\\h\\fjp, and H independent of a, b. 

So again up to finite number of terms and bounded constants, we are lead to control terms of the 
form 

Ts := bal'"" |ii'^((7arb)'^)| li?^-'^(ii)|. 

a€Si,bGS2 

Let H' := still independent of a and 6 , we have H' G so 

T 3 := \lat^ iLbl'-" |ii'=((7,r,)'?)| \H'\. 

aeSi,b&S2 _ 

Now the inclusion lemma 19.51 gives 

k 

R’^{{'yany)H' = Y, Ak^R^ii^anyR’^-^iH')) 

m=0 

so again it is enough to deal with terms of the form 

T4 := baY irfel'"'' |ii’"(( 7 ar„)'?ii'=-"^(ii'))|. 

aGSi,bSS2 

But H' := R^-yH) hence H" := R^-^{H') = R^-^{H) with H G iff, so H" G iff_j+^, with 
11 if ^11/fp < independent of a and b. So we have 

■*s—j + m ® 

n = 5] |7«|'”’ mi"’ |fi’"(7;(r’i/"))|. 

a^Si ,b£S2 

By the Leibnitz formula again we get 

m 

k=0 

hence by the hniteness of the number of terms, it is enough to control terms of the form 

n := baY irfel'"" |ii"(7a")| |ii™-"(nif")|- 

a€Si,b&S2 _ 

But the sequence S 2 is interpolating for Aif hence, still by theorem 13.11 we have that S 2 is interpo¬ 
lating for Aif, Vr < s so we can apply the domination lemmafrom the appendix to R^~^ 

. N 2 

\R^-k{TlH'')\ < 

with ff^ G iff__, IlfiJI^p ,, < C{S 2 y\\H”\\jjp and if^ independent of a and b. 

Because of the — it is enough to control uniformly in /x terms of the form 
Te ■■= Y l7a|'-''|rfe|^-''|ii'=(7,^)| \R^-yHY 

aeSi,bGS2 _ 

We use the inclusion lemma 19.51 to get 

k k 

r=0 r=0 

So it remains to control terms of the form 

T, ■■= Y \Ry7iR^-yH,))\. 

a^Si ,b£S2 

Set ffi := R^~'^{Hy ; because G fff_j+m, we have that G fff_j+^ with control of its norm, 

s — j+m s—j+m 

So we have 
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T7= b<.l'^''ir»^''|fi’’(72v;)|. 

aeSi,feeS2 _ 

Now we shall use that Si is interpolating for hence, still by theorem 13.11 we have that Si is 
interpolating for A4^, Vr < s so we can apply the domination lemma [93]: 

^ iy=l 

with 1 < rrp < C'(S'i)'^|| V^ll^p and not depending on a G nor on 6 G 82 - 

So, because of the — we need to control uniformly in u, terms of the form 
Ts:= Y1 

aE^i ,b£S 2 

But now we use proposition 16.31 which tells us for Z — g > 2 : 

E l7ai“’ < 

ctGiS'i 

and the same for S 2 

< c{S 2 y-‘^. 

feeSa 

Hence porting in Tg 

Ts<{C{Si)C{S2)y-'^\R^{H,^)\. 

Now taking the norm we get 

\\Ts\\H,<iCiSi)CiS2)y-^R^{H^,)\\^, 
but recall that 



<C{SinV,\ 

s—j + r 


and 

1 141 r/p . — ^7! 

s — j+m s—j + m 

and 

s — j-\-m 


and 

\\H"\\^ <C 4 H\\„, 


and 



1 < CA\\h\\jjP, 



so concatenating we get 

\\Ts\\HP<CAC,CriCiSi)CiS2)y 
and the proof is complete. 


\\R^{H^,)\\^,<C{Sinv,\\^, 

s—j + r 


m 


8 Dual boundedness and interpolating sequences in 

The Sobolev embedding theorem gives, in 

f e ^ f e - = t - 

q p n 

Here we are on the manifold clB which is of dimension 2n —1, and with complex tangential derivatives 
of order 2s and normal conjugate derivative of order s. 
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Thanks to Folland and Stein [16], theorem 2, which we iterate and which we apply with a = 0 
or by use of Romanovskii [20], theorem 7, we have a Sobolev anisotropic embedding in Heisenberg 
group, which is also a representation of the boundary of the ball B : 

/ e Hm ^ / e i7'^(B), - = (8.14) 

q p n 


Theorem 8.1 

. , 1 1 

with - =- 

q p 


Let S <ZM be a dual hounded sequence for then S is dual bounded for (M) 

s 

n 


Proof. 

Saying S dual bounded in i7f(B) means, with kg^a fhe reproducing kernel for 
ac > 0, Va e 5, 3p„ e Hf{M) :: pa{h) = 6a4ksJs,p^ \\pa\\s,p < C. 

X 1 5 

But by use of anisotropic Sobolev embeddings flS.lip we have, with - =-, 

q p n 

30 0, fe H^{M) ^fe Wfl < c\\fl 

On the other hand we have 
WKaWs^p = (1 - 

1 • 1 1 1 -S 

hence with - =-, we get 

q p n 


I 


\\ko,a\\a' = (1 - l«l^) ^ = (1 


|2\—n(i ——) 

I ^ T) n' - 


= (1 - \afy p = \\ks^a\ 


So we have a dual sequence for S in namely {pajaes itself, doing 

30 > 0, Va e 3p, e H^M) :: p^b) ~ ||p,||^ < O, 

which means that S is dual bounded in 


s,p' 


S interpolating for Hf{M) means 

VA e F{S), 3/ e i7f(B) -.-.VaeS, f{a) = 
so we have / G H^M), \\f\\^ < C\\f\\^p such that 
Va e S, /(a) = Xa\\ka\\g 

hence we interpolate F{S) sequences in H^{M) for 
not the interpolation ! 


Aa|| ka 




1 1 5 

- =-, but not i'^{S) sequences so this is 

q p n 


Corollary 8.2 Let S he a dual hounded sequence for then S is Carleson for 


Proof. 

This is exactly the result in [7], because S is dual bounded in iT^(B) hence Carleson for all i7’’(B). 


The hrst structural hypothesis (see [5]) is true for these spaces : 


Lemma 8.3 we have 


\/r > 1, ka{(L) — ||^a||j|/2 — II ^a|| iU" II /fT-'. 
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Proof. 

We have 

and 

WkaWurWkaWHrj = (1 - - \a\^r-^/^ = (1 - |a|')2^-" 

hence 

llfcall^i = (1 - ^ WkaWl. = (1 - 

which proves the lemma. ■ 

Recall that we shall say that S' is a weighted interpolating sequence for the weight w = {tCa}ae 5 

if 

VA e FiS), 3/ e Wf :: Va e /(a) = XaWaWkaW^,'. 

By use of lemma 18.31 we get 

Theorem 8.4 Let p > 1 and suppose that S is dual bounded in then S is a Hi weighted 
interpolating seguence for the weight {(1 — |a|^)'^}aes with the bounded linear extension property. 


Proof. 

Consider the dual sequence {pa}a&s in Hf, given by the dual boundedness, it verihes 
3C >0, Va e S, WpaWnp Wb E S, pa{h) = 5ab\\ka\\^pj- 
Let, for A G ^^(S), 

h := '^^apajj^. 

aes 

we have 

h{a) = XMa) = A,(l - |a|')2^-" 
which is the right value. As its norm we get 

ka 


Hi — I 

a&S 


Pa 


\\ka\ 


Ht 


<C^I|A|lp, 


m 


because, using proposition 12.51 we get 


Pa 


kn 


\\ka 


'Hi 


^ C's||Pa||//|> 


Hi 


\\ka\ 


Hi 


^ C'sllPall/fP ^ CgC. 


Hi 


For the second structural hypothesis we have 


Lemma 8.5 Letp,r E [l,C)o] and q such that - = — I — then we have 

r p q 

||^a||//r' — (1 |a| ) II/C(x|| II fca II • 


Proof. 
We have 


||fca||j 7 r' ~ (1 - |a| ) 




and 


l|fca||^p'||A:,||^y ~ (1 - |a|2)*-’^/^’(l - \a\y-^l‘^ = (1 - lal')^*-"/’' 

hence 

ll^all/fr' — (1 |a| ) II II rrp' II II fT?' 

S £1 s 11 s 

which proves the lemma. 
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Now we are in position to get an analogous result to theorem 6.1 in [5] by an analogous proof. 

Ill 

Theorem 8.6 Let S be a sequence of points in B such that, with - = — I —, and p < 2, 

r p q 

• S is dual hounded in H^. 

• S is Carleson in i/^(B). 

Then S is a HI weighted interpolating sequence for the weight {(1 — |a|^)*}aG5 with the bounded 
linear extension property. 


Proof. 

Consider the dual sequence {pajaes Hf, given by the hypothesis, it verifies 
3C >0, Va e S, WpaWnp V6 e S, pa{h) = 5ab\\ka\\^p- 
Now we set 


h{z) := ^ AaPa(l 

a£S 


ka{z) 


11 11 ttp' 11 k, 




We get 

Va e S, h{a) = Xa{l - \afypa{a) n — 

and using the first structural hypothesis, lemma 18.31 we get 
h{a) = Aa(l - lal^YllkaWnf, 
hence h interpolates the correct values. 

Clearly h is linear in A, and it remains to estimate the norm of h. 


Proof of the estimates. 

In order to do this, we proceed as in j5] ; 

let {cajags G 'R,{S) be a Rademacher sequence of random variables, we set, with Va €5, Xa = 
Pa^a, P ^ n e explicitly : 

I \ 1“ ^ 

Pa ■= •= a = - ; 

|Aa| q 

then we get Aa = Pai^a, P^V", u e and \\p\\% = ||z/| 1^5 = ||A||^, ^ ||A||^, = 

Now set 

/(e,^;) := ^ Paeapaiz) ; g{e,z) := ^z^a(l - n. II —• 

aGS aes 

We have IE(/p) = h hence 

\\h\\^r = mf9)\\Hr 

By lemniaOwe get \\E{fg)\\yr < E(||/ 5 (||^,) and by proposition[23]we get \\fg\\Hr < 
so 


iiE(/p)ir^. <E(ii/pir^.)<c:E(ii/ii^p 


Hi 


Set 7 a : = 


(1 |a| 

11 ka 11 tip' 11 ka 


we 


have g{e,z) := '^Va^a 


la 


'HS 

Because S' is g Carleson by assumption we get 


kgjz) 


(8.15) 
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3C>0nW, ||gR;<c«5^|^.r72. 

aSS 

Let us compute 7 a : 


(1 — a 

)^l (1 - 


a 

l7(i- 

a 


s—n/q' 

1 1 ^a| //r (1 — 

a 

r) 

s-n/p^l . 


a 



because - = — I —. We see here that the weight (1 — laP)^ compensates the second structural 
r p q 

hypothesis, which is given by lemma I8.51 
So we get 

Putting this in fl8.15l] we get 

whWn, = mifgWH, < c:mf\\Hf\\9\\y < c^:<iiHi;(5)E(ii/irHf)- (s.ie) 


Now we use that p < 2 to get, because r < p < 2, 

E(II/II7) < (Edl/llij))’'''" 

and is of type p so, with / = E g-aeaPa{z), we get 


a&S 


(Edi/iiy.))''" < iipdits)''" 

aes 

hence, because Va G S', ||pa||i^p < C", we get 
Putting this in fl8.16l) we get 
Hence dually 

\\h\\Hr = l|E(/p)||^. < CsCqTpC\\iy\mp\\^, 

which proves the theorem because ||A||^^ = IIpII^?- • 


9 Appendix. 

9.1 Technical lemmas. 

With the notations of section | 6 ] and [71 let S' = {oi,..., a^}, fix a G S' and set 7 = 7 a to ease the 
notations. Also if / G we set := Wf. 

Lemma 9.1 VPe have, with m := min (/, j), Vj, / G N, 

+ ••• + /(/- 1) ■■■(/- m + (9.17) 

where the functions Fkj{z) do not depend on I for k <m. 

Proof. 

By induction on j. For j = 1 we have : 

R{'y^h) = 

hence 
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V/>1, Fo,i = /iW, Fi,i = 7W/i, 
so (19.1 7p is true. 

Suppose that fl9.17p is true for j and let us see for j + 1. 

Suppose that I > j, we have 

= RiWi^h)) = ^^R{Fo,,) + + i?(Fi,,)) + • • •+ 

+/(/ _ 1) ...(/_ fc + + ...+ 

+/(/_!)...(/_^' + l)y-7(7(i)ir._i.(;,)+i?(ir..))+/(/_!). 

Hence we set 

Fo,,+i := R{Fo,j) = 

and 

V/c, l<k<m, Fkj+i := Fk-ij{z) + RiFkj) 
and the last one 

Fj+i,j+i ■= 7^^^Fjj{z). 

li I = j : the formula (19.171) read 

= VFojiz) + h^-^F,j{z) + • • ■ + UFi^jiz) 

hence we get 

= Rii^Fo,,iz) + W-^Fij{z) + • • ■ + IhFi-i,,) + l\RiFi,j). 

So again 

-^oj+i = RiFoj), 

and 

V/c, 1 < A; < / - 1, Fk,j+i = 'y^^^Fk-i,j{z) + RiFkj) 

but 

Fij+i = 'y^^^Fi_ij 

and 


Fi+i,j+i - R{Fij) 

which is formula (I9.17p with m = I = min {j + 1,1) . 
li I < j : by use of formula (I9.17P with m = I = min (j, 1) we get 
W+\^^h) = Ri^^Fo,, + + ■ ■ ■ + l\Fi,j) 

hence again 

Fo,j+i = RiFo,j), 

and 

V/c, l<k <1-1, Fkj+i = 7^^^Ffc_ij(2;) + R{Fkj) 

and 

Fz,,+i :=7WFz_i,, +i7(FzJ. 

Clearly the do not depend on I, for k <m, because the F^j do not. ■ 


Lemma 9.2 Vhe have, with am constants independent of'j and of h : 


VA; < J, Fkj = akR>{-i'^h) + ak-nR^ii'^-^ + • • • + W{-ih) + (9.18) 


Proof. 

To get Fij we take Z = 1 in (I9.17P so we get 

W{^h) = jh^^^ + Fij ^ Fij = R^{jh) - 7hd). 

So it is true for A; = 1 and any I > 1 because Fij is independent of 1. 
Suppose it is true up to A: ; let us see for A; + 1. 
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We choose I = k + 1, j > I in fl9.17p . we get 

+ {k + lh^F,j{z) + ... + {k + ly.jFkj + {k + 1)\F,+,J, 

hence 

{k + l)\Fk+i,j = -{k + Ih’^F.jiz) - {k + l)\^Fk,j 

and assuming the decomposition flQ.lSh for all the Fmj, m < k, we get that the formula is true for 

k + 1. m 

Proposition 9.3 (Exclusion) We have, with m := min (/, j), 

Vj, / e M, R^i^^h) = Er=o 

where the Aq are constants independent of 7 and h. 

Proof. 

This is trivial if I < j, just take Aq = t) for q < I and Ai = 1. Now take I > j + 1. 

From lemma [9T] we get 

Vj, I G M, = 7'Fo,ji^) + H~"F,,q{z) + ••■ + /(/- 1) •••(/- m + 

and with lemma 19.21 we replace the functions F^j to get what we want 

m 

Vj, i G M, wir^^h) = Aqj^-m^ij'^h). m 

q=0 

Lemma 9.4 (Domination) Let S = {am}m=i,...,v an interpolating sequence in B for Hf, of 
interpolating constant C{S), and { 7 a}aeS 'Its canonical dual sequence. Then 

1 ^ 

WeN, Vi<s, Vftefff, -iq^N, 3H,eH;::ya€S, (77)| < 

g=l 

So F[q depends on l,j and h, but not on a and we have I < q < N, ||iPq||^p < C{Sy\\h\\qjp. 

Proof. 

We have by definition of ja 

1 ^ 

7.™(z) -JqYl ^ 11/3(9. -(lU; < 0(5), 

q=l 

By lemma [6T] with Qi{k, z) ■.= (3 * ■ ■ ■ * I3{k, z) and \\Qi{k, •)|| < C{Sy, 

■' -V-' 

I times 

_ , " 

9=1 

SO 

1 ^ 

7«™(7ft = ^E'3'’”Q'(90)ft 

9=1 

and 

N N 

R’i-iLV = = - Y,o-^’‘W{Q,{q,z)h). 

9=1 9=1 

So 

1 ^ 

\RKlah)\<^Y\^'^Q^^Fz)h)\, 

9=1 
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hence setting 

Vz e B, Hq{z) := Qi{q,z)h{z) 
we have that Hq is independent of a G S' and 

<IIQ(?,-)llA,?l|/^ll^.f ^^^(^yil/^ll^.f- 

This ends the proof of the lemma. ■ 


Lemma 9.5 (Inclusion) Let 7 G and h G iff, then there are constants Aq such that 

Vi, I, = E Aj,,R<[',‘a-‘[h)). 

g=0 

Proof. 

By induction on j. For j = 1 we have R{^^h) = R{^^)h + 'y'‘R{h) hence 

i?(y)h = ii(Vf) - Vii(f), 

so it is true. Suppose it is true for any q < j then we have 
j i-i 

W{yh) = ^C')R\-i^)W-\h) = W{-i^)hR^C')R\-i^)W-\h) 

q=0 q=0 

hence 

j-i 

W{j^)h = R^{-i^h) - C'|i?'?(V)ii^"‘'(f). (9.19) 

q=0 

Now because q < j we have, with k := R^~^{h), 

m=0 

hence 

<? <? 

R\i')k = Y \mR^h'R^~"'{R^~‘^{h))) = Y ^mR^h'R^-'^ih)). 

_ m=0 m=0 

Replacing in fl9.19p we get the lemma. ■ 
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